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Abstract

We generalize the conformally invariant topological quantum mechanics of a particle propagating on
a punctured plane by introducing a potential that breaks both the rotational and the conformal invariance
down to a Z; angular-dependent discrete symmetry. We derive a topological quantum mechanics whose
localization gauge functions give interesting self-dual equations. The model contains an order parameter
and exhibits a critical phenomenon with the existence of two ground states above a critical scale. Unlike the
ordinary O (2)-invariant Higgs potential, an angular-dependence is found and saddle points, instead of local
maxima, appear, posing subtle questions about the existence of instantons. The supersymmetric quantum
mechanical model is constructed in both the path integral and the operatorial frameworks.
© 2018 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In [1] a solvable model for a superconformal quantum mechanical system was introduced,
giving an example of a quantum topological theory with no ground state and no mass gap. In [2]
this model was extended to the case of a possibly infinite chain. This toy model was motivated
by the search of an abstract definition of mechanical systems possessing epicycle descriptions,
in an attempt to encode the robotic movements of rods presented in [3]. In this work topologi-
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cal models of rigid bars were presented. They admit zero-energy modes which do not stress or
compress the components. Kink solutions are shown to propagate and, in a certain regime, a su-
persymmetric effective description is shown to emerge. The topological chains of [2], with their
epicycle movements, are defined by a quantum mechanical potential which naturally encodes
several of these features, such as the fixed length of the bars and the supersymmetry. A more
refined description is, nevertheless, required to take into account the existence of solitonic kinks
and the restriction of the angular movements in a given range less than 2. This is the main
source of inspiration for proposing, in this paper, a topological quantum mechanics with a Z,
discrete symmetry potential.

More refined models are expected to have a breaking of conformal symmetry. It is tempting
to look for new classes of potentials that break other types of symmetries as well, like the rota-
tional invariance, while keeping some of the properties of the topological models [1,2]. Here we
generalize the topological invariant [, d6 that defines the topological quantum mechanics of [1]
into another invariant, which has a further dependence on a point A distinct from the singular
origin O of the punctured plane; this allows us to introduce a length a = |m| and a dimension-
less order parameter. The model is defined by a potential which breaks both the conformal and
the rotational symmetry, but keeps a discrete Z; symmetry. This discrete symmetry is reminis-
cent of the T-duality transformation in string theory, see [4]. In this loose analogy the duality
transformation involves not only a transformation based on r, but also a 6 angular dependence
of “B-field” type.

The introduction of the length scale allows for the existence of a discrete spectrum and a
normalizable ground state. The richness of the model appears in the presence of a critical phe-
nomenon. Indeed, above a critical value for the order parameter, two ground states are found;
below that value, the ground state is unique. Two main properties single out this potential with
respect to the standard Higgs potential. The first one is the presence of an angular-dependence;
the second one is the fact that, above the critical scale, the potential does not possess any lo-
cal maximum, but only (two) saddle points. The possibility, following [5], of the existence of
instantons is investigated.

2. A reminder of conformal topological mechanics

The conformally invariant topological quantum mechanics of [1] is defined by the topological
gauge-fixing following the BRSTQFT, i.e. localization, scheme of [6] for the topological invari-
ant fy d# on a punctured plane with real coordinates ¢’ (i = 1,2,x = ¢!, y = g%) or complex

coordinates ¢! +ig? = /|G|2 expif.
By introducing a coupling constant g, the topological classical action [1] reads

. q'q’
271Ng:g/d0:g/dtng/dteijF, (2.1)
) ) J g1
where ¢ is a Euclidean time and the dot means the time derivative %.

This action must be gauge-fixed in a topological BRST invariant way. Using the complex
coordinate notation z(r) = ¢'(t) + iq?(1) (Z = z*), the topological gauge-fixing equation was
obtained in [1] as:

. g
I——=
Z

0. 2.2)
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The BRSTQFT gauge invariant procedure provides a conformally invariant supersymmetric ac-
tion which, once untwisted, gives a A/ = 2 supersymmetry.
The solutions of (2.2) are periodic instantons zx(¢), where N is an integer. We have

1
= ——=exp(2miNt). 2.3
ZN m P( iNt) 2.3)
They minimize (to the zero value) the non-negative bosonic action
/dt(|q|2 T 5+ g6). Q2.4
Y

The instantons are pseudo-particles that make N cycles per unit time at constant angular velocity
around the singular origin on circles with radius |zy| = . The area ¥ of the surface that

~/27'[N
the instanton zy circles around is independent on the value of N:
1 g
Ty =Nr(——=)>=2. 2.5
N ( m) > 2.5
The instanton structure follows from the identity
2 J
> 8 1 2 4q 2
141 + =5 =>4 —g€ij—=—=75)" + 5 (q +g€ij—==5)" (2.6)
FIEa Y f| 2 VAT

where the vector indices i, j are raised/lowered by the Euclidean metric §;;.
The equation of motion, derived from the supersymmetric action, of the fermionic partner
W =Wl 4 W2 of z, corresponds to the supersymmetric variation Q of Eq. (2.2). We have

Q(i—%):ig\il*—i-' S Us¥=0. 2.7)

Here Uy = RyC R_y, where Ry represents an SO (2) rotation (det Rg = 1) with angle 6 and C is
a conjugation matrix with det C = —1; therefore det Uy = —1.
The representations of the matrices acting on vectors are

0 1 cosf —sinf
C:<1 0)’ Re:(sin@ cosf )’

_ iploevigl

3qidq; 3qidq;

— RyCR_g— (—s1n29 cos20)

cos260  sin26 238

In complex notation one has Ugz = iexp(—2i6)z*.
The action of the rotation R4y on the instanton zy is a multiplication by exp(+2wiNt).
Therefore, the solution of the fermion equation (2.7) in the zx background is

W(r) =Wy exp(Fi2n Nt), (2.9)
where W is time independent and
W5+ C¥=0. (2.10)

It follows that Wy is just an eigenvector of the operator C which runs attached to the instanton.
One has
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\IJO=<:|:11). (2.11)

The fermionic zero modes can be thought as tangent vectors cycling at constant frequencies
27 Ng around the circles of radius /2w Ng. Their existence implies a non-trivial cohomology
for the BRST symmetry of the theory. The paper [1] discusses in detail the model and the way it
allows to compute some (simple) topological invariants of the punctured plane.

3. A new model and its topological gauge-fixing

Let us introduce a point A % O on the punctured plane with singular origin O. We define the
orthonormal coordinates (x = g1, y = ¢?) such that EK = (a, 0). We also use the complex and
polar coordinates z = ¢! + ig* = r exp(i#) when needed.

Given any contour y in the punctured plane, we add to the closed and not-exact form gd6 an
exact-term that depends on the distance of the particle to the point A. The simplest possibility is
offered by gd6 + %d(|g — m|2). We therefore define the classical topological action 1;’ (g, w)
of the new model as

(g, ) = f (a0 + %d(k’j - 04P)). 3.1
Y

The action I]fl (g, w) is independent of any infinitesimal shift of coordinates

Sr=e(t), 80 =ey(t), (3.2)

with appropriate boundary conditions.

Following the general BRSTQFT scheme of [6], we are interested in computing observ-
ables that satisfy the Ward identities corresponding to the above gauge symmetry (3.2). We will
come back on this later, by showing the possibility of fermionic zero modes. Comparing the ac-
tions (2.1) and (3.1) one understands that the topological gauge-fixing (2.2) must be improved
nto

izg—l-w(z—a). (3.3)

The above equation reads, in polar coordinates, as

8

F=w(r —acosb), r6 =2 + wasing (3.4)
r
and, in Cartesian coordinates, as
. 8y . 8x

The parametrization expressed by a, w, g can be simplified through redefinitions, as we will
shortly see. On the other hand, to have the possibility of discussing several interesting limits, it
is better to keep track of the explicit dependence on these parameters.

The supersymmetric Q-exact action that localizes the topological gauge fixing (3.3) is easier
to compute in Cartesian coordinates. It transforms the topological term into a supersymmetric
action. It gives, on the same time, a consistent (that is, BRSTQFT-invariant) information about
the g, w, a dependence of the theory. We get
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e @z AR
¢ (g, ) = (gd9+§d(|q— 0AP) 1>

Y
: @ o= T2 T 8y 1
> 15 (g, ) :/(gd@—i—ad(Iq— OA]| )—I—Q(\lfx(x— o —w(x—a)—l—EHX)-i-
14
— . gx
OO+ Sy —ord s Hv>)) (3.6)

The time-dependent fields Wy (¢), Wy (1), W, (1), Gy (t) are fermion (that is, Grassmann coordi-
nates), while the time-dependent fields H,(¢), Hy () are auxiliary bosonic fields satisfying alge-
braic equations of motion. The nilpotent operator Q (0% =0, which also satisfies [Q, d /dt] =0)
acts as follows on the fields

Qx = X7 Qy =
Q“Ijx = Hy, QE}' = Hy 3.7

(and vanishing otherwise).
The computation of the Q-transformation of the topological gauge function provides a Dirac-
type operator acting on fermions which, in Cartesian coordinates, reads as

d 6 k q 4
D;; :Sij(z —w) — | l|2(5;k HE =) (3.8)
Therefore
d g (—sin20 cos26 d
Dij—aij(a—w)‘i‘w( 0820 Sinw)f—ﬁzj(a—w 7 |2(R9CR 6)ijs

3.9)

where Ry and C have been introduced in Eq. (2.8).
We postpone to Section 7 some discussion about the supersymmetry of the model given by
the action 1;"” (g, w).

4. The bosonic part of the action

We are interested at first in the vacuum and therefore in the bosonic part of the Eu-
clidean action I;'”y(g, w). After expanding the Q-exact term in (3.6), eliminating the auxiliary
fields H,, Hy by their algebraic equations of motion and discarding the terms involving fermions,
one obtains the following Euclidean bosonic action (written, for convenience, in polar coordi-
nates). One has

1 1,.
Ibosonic = / dr(§f2 + 5rze2 +V(r,0)), .1)
Y

where the potential V (r, 6) is non-negative, being the sum of squares:
1, 2, Leg o2
V(r,0)= Ew (r —acosf)” + 5(— + wasinf)” =
r

lg2 1 5, , agw
_Er—z—i—zwr + — p sinf — w

2 22

1
arcosf + 2a) a “4.2)
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The potential possesses the interesting Z, discrete symmetry T (72 = 1T), given by

g < wr, cosf <> —sinf. (4.3)
-

The symmetry can be expressed as

2
T: r>r="" 60 =-0-1

" 7 4.4)

where rg, given by

ro= \/E, 4.5)
1)

can be set as a unit of length. One can thus define the dimensionless parameter

g L e (4.6)

The potential (4.2) can be expressed as the product of the dimensional factor gw times a dimen-
sionless function:

1 /roN2 1 /r 2 ro . r 1,
V(r,@)_gw(§(7> +5(%> +a<751n0—%0050 +5a). 4.7)

The action (4.1) is rotationally invariant at o = 0. The rotational symmetry is broken for
a # 0. On the other hand the discrete symmetry 7T in (4.4) of the potential is maintained. We will
show that the potential exhibits a transition between a simple and a double well, with a critical
value for the dimensionless parameter «.

If we use rg as the unit of length the only relevant parameter of the model is @ = a. In the
limit « — 0 the model is mapped onto the Lagrangian with Calogero potential supplemented by
the De Alfaro Fubini Furlan oscillatorial term [7] (the potential being proportional to 72+ 1/r2).
In the absence of the oscillatorial term the model corresponds to the [8] SL(2) conformal me-
chanics. In the presence of the oscillatorial term the action is also SL(2)-invariant, but the SL(2)
field transformations are trigonometric and carry the dependence on the dimensional param-
eter (see [9,10] for details). The superconformal topological model [1] can be regarded as a
topological twisted supersymmetric version, see [11], of the A" = 2 superconformal mechanics
introduced in [12]. Its A/ = 2 superconformal symmetry closes an s/(2|1) superalgebra, whose
generators are the s/(2) subalgebra generators H, D, K, the supersymmetry operators Q1, Q2,
its conformal superpartners Ql, éz and a u(1) R-symmetry generator (see [11] for details).

In the presence of the oscillatorial term the spectrum is gapped and (at « = 0) its discrete en-
ergy levels are equally spaced. A geometrical interpretation for « is that it represents the distance,
expressed in units of g, between the rest point of the harmonic oscillator and the singularity of
the potential 1/r2.

As a final remark we mention that for w # 0 we have one or two distinct classical vacua (de-
pending on the value of «) and normalized quantum mechanical ground states. In the v — 0 limit
the quantum vacuum disappears because it is no longer normalizable; in this limit the conformal
invariance holds true.
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5. The shape of the potential. Are there instantons?

We follow the method explained by Coleman in [5]. The potential (4.2) is a sum of squares.
The instantons are solutions of the Euclidean equations of motion giving a finite value to the
action. Since they must make it extremal, and since the action (4.1) is non-negative, they are
solutions of Eq. (3.3). Avoiding the possibility of bounces, they should connect pairs of local
maxima M* of the Euclidean potential —V (x,0), with V(r*,07) = V(r—,67), leaving and
reaching M™ at zero velocity.

In quantum mechanics with more than one degree of freedom one is often concerned with
the stability of the Euclidean solutions, even when they are energetically possible for connecting
two vacua. We should point out that in the present case the potential (4.7), whose introduction is
justified by geometrical considerations, leads to self-dual equations (3.4) that cannot be solved
analytically. We also point out, depending on the order parameter (the coupling constant) of the
model, that extrema of the potentials are local minima, local maxima and saddle points. Despite
these difficulties, it is instructive to analyze the possibility for instantons and to draw conclusions
about the classical solutions by analyzing the shape of the potential.

Therefore we check at first under which condition two M* maxima are obtained. The Eu-
clidean potential —V (r, 6) is always negative or null, with V — oo when r — oo and r — 0. It
is obvious that —V (r, 8), for continuity reasons due to the behavior of the potential at » = co and
r =0, has at least one absolute maximum. The two equations from Eq. (3.3) give, at 7 = § =0,
the condition for an instanton to start at zero velocity from a local maximum of the potential:

wr—acosf) =0, &+ wasing=0. 5.1
r
At w # 0, a # 0, these equations are equivalent to
_ 28 __ 8
r=acosf, sin26 = ———, tanf = — . 5.2)
wa? wr?

It is convenient to express all results in terms of the two fundamental parameters, the unit
length rg introduced in (4.5) and the non-negative dimensionless constant « (« > 0) introduced
in (4.6).

By using this parametrization, the second equation in (5.2), since | sin 26| # 1, admits solution
only in the range

a>2. (5.3)

Furthermore, only two maxima M + of the potential —V (r, 8), with V(M +) =0, can exist above
the critical value o = «/E for «.

We give the explicit expression of the two maxima M=, both in polar (r*, 6%) and in Carte-
sian (x*, y*) coordinates. It is convenient to introduce the angle ¢,

Lacsin( ), 0<p<’ (5.4)
= —arcsin(—), <@ =<-—. :
=3 o2 v=7
In terms of ¢ we can write, in polar coordinates,

rt= arpCcos @, ot = -,
r-=argsing, 0 =¢— % 5.5)

In Cartesian coordinates we have
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1
xT=argcos?p, yt= — 570 sin(2¢) = —r—o,
o
1
X~ =ar sin2g0, yo = —Earo sin(2p) = —r—o. (5.6)
o

Due to the discrete 7 symmetry of the potential, the following relations are found:

x4+ x" =arn, yr=y", (5.7)
as well as
Jrtr=n, ot o7 =—7. (58)

In order to further clarify the structure of the theory we compute the extremal points of the
potential (4.7), obtained by solving the coupled system of equations

aVv r ro.

— =0— —cosf 4+ —sinf =0,

a6 7o ro

LA 2sin@ + r2cos0) =0 5.9
= — 1" —ry —argr(rysing +r-cosf) =0. (5.9)

At the extrema, we check the sign of the second-order derivatives to determine local minima,
maxima and saddle points. We present the complete set of solutions in the different ranges of the
order parameter a:
i) at « = 0 we recover the O(2) rotational invariant theory. The case is analogous to the one
investigated in [1], with the important difference that the harmonic term allows for a discrete
spectrum with a normalizable vacuum. The unbroken O(2) symmetry implies a S' circle of
degenerate maxima. It is given by the points at distance ro from the origin and —V (rg, ) < 0;
i) in the 0 < & < +/2 range two extremal points are found (we call them M% and M%). Their
polar coordinates (which do not depend on «) are
0a T 0b 37
M =y, ——), M=o, —). (5.10)
4 4
By inspecting the second-order derivatives in M%, M% one proves that M% is the unique
maximum of —V (r, ), while M is a saddle point. We have

—VM®y < —v (M <0, (5.11)

iii)ata = «/f, the critical case, we have two extremal points as before. This time —V (M OC‘) =0;
iv) in the range o > +/2 we have four extremal points, the two maxima M* given by Eq. (5.5)
and the two points M%¢, MO given by Eq. (5.10). The two maxima are such that —V (M*) =0,
while in this range of o both M%, M are saddle points.

The value of the potential V (r, 6) from Eq. (4.7), computed at M 0a pg0b reads

V(MY = g1+ %az +av2), (5.12)

where the sign — (4) corresponds to M Oa (pg0by.

Energetically one has the possibility of a finite action trajectory linking —V (M) and passing
through M% and/or M. It is an open question, left for future investigation, whether such a
trajectory indeed exists.
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6. The fermionic part of the action

The fermionic part of the I;”Sy(g, w) action (3.6) is

. gy
_ X— s —w(x—a)
i = — ) xoty . N
Ifermton /dt (ll’x \Il),) Q( v+ ngjyz — wy ) (6.1)
By taking into account Eq. (3.7) for the operator Q one has
d 2xy x27y2
_ _ Tt 8y —w —87 37 ]
d 21 y2)2 2122 E
Ifermion = /dl (‘I/x \py) ! (xx-z‘r;vv)z d (XZ:—;] ) (\yr) 6.2)
“80Th? @i~ 8 T @) N

We call this expression the “classical fermionic action”; the fermions Wy, Wy, U,, @y are time-
dependent anticommuting Grassmann variables.
The fermionic zero modes are defined as the solutions of the following equation,

v\ 1 (—gsin20 + wr? gcos20 Ve
v, )2 gcos20 gsin20 +wr? J\ W, |~
_ 1 (cos® ~—sind wr? g cos®  sinf \ [V, 6.3)
T r2\sinf  cosh g owr?)\ —sind coso J\ W, )’ '
By setting W = W, + W, one can also write

b =i exp(i20) W + 0w, (6.4)
r

In the above equation the functions r(¢) and 0 (¢) solve the self-duality equations (3.4).
By redefining ¥ — W = exp(—if)W, one gets the equation

V16T =i LT 1 0. ©6.5)
r
By expressing 6 in terms of the second equation of (3.4), one has
=2+ sing, (6.6)
r r
so that one gets the following zero mode equation
~ a ~ ~
Tt +i%ing — )b =i 3. ©6.7)
r r r

This first order differential equation indicates that, most likely, fermionic zero modes exist in the
background of the r(¢), 6(¢) solutions of the self-duality equations (3.4).

7. The supersymmetric Hamiltonian

The passage from the supersymmetric Lagrangian entering (3.6) to the classical Hamiltonian
formulation is done following the standard prescription, by performing a Legendre transforma-
tion for both bosonic and fermionic coordinates. One introduces the conjugate momenta p; to the
coordinates g;, while the fermionic Grassmann fields W; turn out to be conjugate to the fermionic
fields ;. The Poisson brackets are Z-graded. The non-vanishing Poisson brackets are

{p,-,qj}:zS,-j, {Ei,qu}ZSij. (7.1)



L. Baulieu, F. Toppan / Nuclear Physics B 938 (2019) 232-244 241

The classical Hamiltonian H is N = 2 supersymmetric. It corresponds to the Morse function
. = . — .
S=g0+3Iqg— O A|?. The supersymmetric charges Q, Q are given by

0=V (pi—S), 0=V (p;+ S, (7.2)
where
58 i
Si=_—= geij?,—z +olgi —a), (a1=a, ay=0). (7.3)
8qi 41
One has
| S B
H=-{0,0}= -p; — =S/ -V — W/, 7.4
2{Q 0} FPi =55 oq) 74

A quick computation shows that the classical fermionic part of the Hamiltonian is
—i 3Si . — e .
V()W = (R W) (Iz + —0C> (R-pW)’, (1.5)
dg/ 2 Jij

where 'Iz is the 2 x 2 identity matrix, while R_g, C have been introduced in (2.8). At this level Wl

and W' are Grassmann variables and one can compute correlation functions within the functional
integral approach.

The quantum Hamiltonian H is obtained by realizing the Z,-graded Poisson brackets (7.1) in
terms of (anti)commutators. This implies, in particular, that the quantum fermionic operators W,
W' are given by constant matrices satisfying Clifford algebra relations; for this reason extra terms
are present with respect to the (7.4) expression of the Hamiltonian.

By performing an analytic continuation and a Wick rotation of the time coordinate, we can
go back and forth from the Euclidean time to the real time formulation of the theory. We present
here the results for the real time formulation. This means that the quantum Hamiltonian H is
hermitian and the quantum supercharges Q, Q are hermitian conjugates:

H=H", Q'=0Q. (7.6)

A convenient presentation of the quantum fermionic operators Wi, W' is via the 4 x 4 matri-
ces £¥, through the positions

gt — i +0 (7.7)
where £+ are given by
0O 0 1 O 00 0 1
£ = 0 0 0 -1 £42 = 0010
1 0 0 O0YF o010 o0})
0 -1 0 O 1 000
0O 0 10 0 0 0 1
-1_]10 0 01 2 _| 0 0 -1 0
& = -1 0 0 o §°= 0 1 0 O (7.8)
0 -1 00 -1 0 0 O

The matrices &% generate the CI(2, 2) Clifford algebra. Indeed, by setting
=@t e 67, (7.9)
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for u =1, 2, 3,4, we end up with the basic relations, for their anticommutators,
{TH, T} =20""1y, (7.10)

where n*” is the flat metric with diagonal entries (1,1, —1, —1).
The hamiltonian H and the supercharges Q, Q can be expressed as 4 x 4 differential matrix
operators. In polar coordinates the hamiltonian is

1 1 1
H= (—5(8,2 + ;8, + r—zag) + Vo (r, 9)) Iy + Vi (7, 0), (7.11)
where Vj(r, 0) coincides with the potential in Eq. (4.2), namely
1g2 1 1
Vo, 0) = =5 4+ ~wr? + 2% 6ino — w2ar cosd + ~w?a?, (7.12)
2r2 2 r 2
while
w 0 0 0
—w 0 0
Vi =10 0 —%sin@o) —%cos20) (7.13)
0 O —rg—z cos(260) ;% sin(26)
The supercharge Q is explicitly given by
0 0 e3 e
0 0 0 0
Q= 0 e 0 o | (7.14)
0 ep O 0
with
. L. . igsin6
e13=—eqp = —i(cosfd, — —sinbdy) —iw(rcosd —a) + s
r r
o 1 . . igcosf
elq = e3y =i(sinfod, + —coshdg) + iwrsinf + . (7.15)
r r

The supercharge Q is the hermitian conjugate of the matrix given in Eq. (7.14).
The operators H, Q, Q satisfy the A/ = 2 superalgebra

{Q.Q}=2H, [H,Q]=[H.Q]={Q.Q}={Q.Q} =0. (7.16)

The Fermion Parity Operator N is given by the 4 x 4 diagonal matrix
Nr =diag(1,1,—-1,-1). (7.17)

Bosons (fermions) are the eigenvectors of Ng with eigenvalues +1 (—1).

We note that the Hamiltonian (7.11) cannot be diagonalized. Indeed, a rotation, acting on
fermions alone, which diagonalizes the potential Vi(r, 8), is 8-dependent, so that it produces
non-diagonal terms when applied to the Laplacian. By realizing that the lower two-dimensional
block in Vi (r, #) can be expressed as —rg—zR,QC Ry, where Ry, C have been introduced in (2.8),

a simpler expression for the quantum dynamics is given by the hamiltonian H, unitarily equiva-
lent to H via the transformation

~ (L 0 L 0
H_<0 R_9>H<O Re)' (7.18)
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One has
—~ 1, 1 1.5 -~
H= —5(8, + ;8, + r—289)+ Vo(r,0) | - I+ V(r,0), (7.19)

where the 4 x 4 matrix Vl (r, 0) is decomposed in 2 x 2 blocks according to

~ wo3 0
V1(r,0):< 0 —#(Iz+2(89+g)C)>' (7.20)

o3 is the diagonal Pauli matrix, while C = o is the conjugation matrix introduced in (2.8). The
non-diagonal terms correspond to a first-order differential operator.

8. Conclusions

We introduced a deformation of the conformally invariant topological quantum model [1] of
a particle moving on the punctured plane. The modified potential depends on a length scale rg
and on a dimensionless parameter o > 0. It explicitly breaks the rotational and the conformal
invariance, but it preserves a discrete Z; symmetry given by the idempotent map r/rg — ro/r
and @ — —6 — /4. The role of « is that of an order parameter with a critical value o, = /2.
Below that value (for 0 < & < +/2) the ground state is unique. Above that value (a > +/2) the
ground state is doubly degenerate.

Two key features distinguish this potential with respect to the well-known Higgs potential
r(G1? — %)2 in the plane. The first one is the presence of an angular dependence (since the
model is not rotationally invariant). The second relevant feature is that, above the critical value,
the extremal points are the two ground states and two saddle points (therefore, the theory does
not possess local maxima).

We proved (with techniques similar as those applied in [5], [13]) that, in the Euclideanized
version of the model, instantons as defined by Coleman are energetically possible. The actual
existence of the instantons, due to the fact that the self-duality equations are not analytically
solvable and the potential has a complicated structure for the presence of saddle points, is an
open question which deserves further investigations.

The BRSTQFT (see [6]) gauge-fixing method induces a N' = 2 supersymmetric quantum
mechanics that we constructed both in the path-integral (the fermionic time-dependent fields are
Grassmann coordinates) and in the operatorial (the fermionic degrees of freedom are realized by
Clifford matrices) frameworks.

In the operatorial (and real time) formulation the Hamiltonian is a 4 x 4 hermitian differen-
tial operator. By construction the Hamiltonian, for any o > 0, has a well-defined, discrete and
bounded from below, spectrum. The Hamiltonian is non-diagonalizable and this is another indi-
cation of the richness and the non-triviality of the model.

We leave for a future paper the computation of the spectrum (numerical, if not analytical) of
this quantum theory and of its further properties.

As mentioned in the Introduction the construction of this model with such a critical phe-
nomenon was found by searching for a potential that can possibly simulate the constraints of a
mechanical device that acts as a series of locks, allowing the propagation of signals from one
side to the other of a chain, reproducing the behavior of some of the machines described in [3].
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