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Abstract

For a degenerate electron gas confined to a half-space or a slab the spin
polarization produced by a point field is calculated. For the half-space both
in three and one dimensions the analytic solution contains the usual RKKY
polarization around the source plus a polarization wave originating from
the mirror point, however, with the same phase at the border; there both
are cancelled by a third term. In the slab the integrated polarization is

finite, while it vanishes for the finite line.
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I. INTRODUCTION

Experiments with magnetic ions in limited metallic samples, such as films and layered
structures have been of great interest recently. The question, how the RKKY [1] polari-
sation behaves in inhomogeneous media is relevant. Simple situations are those of a point
ion spin in a half-space or in a slab in three and in one dimensions. This paper solves
these problems to a large extent analytically. The model of a limited space is treated for

simplicity; it does not pretend to represent all the complexities of real surfaces.

II. THE HALF-SPACE

Consider a fully degenerate ideal electron gas filling the half space x > 0. At the
position © = a, y = z = 0, there is a point exchange field in the z direction acting on the
spins of the electrons.

A complete set of one particle wave functions which vanish at the boundary = 0 is

given by
brxs(x, R) = v2sin(kz) T Es), (1)

where k> 0, R = (y,z), and K = (K,, K,). |s) represents the spin wave function for

an electron with spin s = £1/2 in the z-direction. The perturbing Hamiltonian is
H'= (e —a) (R) %, 2)

where the coupling constant v has the dimension energy-volume, and o, is the Pauli spin
matrix for the z-direction. Yosida [2] has shown that the spin polarization which arises
from the change in occupation connected with the Zeeman splitting of the levels can be
ignored if the restriction not to include diagonal terms in the perturbed wave function
is lifted. Thus we neglect the Zeeman splitting introduced by the perturbation, Eq. (2).

The matrix elements of Eq. (2) are

(Or i 5| H' | Ppic ) = —27vssin(ka) sin(k'a) by . (3)
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The perturbed wave functions are

298 2m 2

Grs(t, R) = Sprs — \/; il / A’ / dK' K’ /0 doo
sin(ka) sm(k’ )

YK k2 K?

sin(k'x) e Feoste) ), (4)

All the integrations can be performed analytically using [5° dy ' <o5(¥) = 97 Jo(K'R),
where Jy is the Bessel function of order zero, sin(k'z) sin(k'a) = L[cos(k'z_) — cos(k'z)]

with zz = |z F «a, and [3]

sin(\/ 02—IX’"2Z:F) ; 02 S [7/2
or

k/Z ) % 2_ K12
/ dk/ COS — + — \/O -K (5)
— K" — k/ exp(—\/ K —C2z;F) for 02 - ]7/2

_T
2

VK22
with C* = k* + K2, and [4]

— fdra(B?—2?) " ?sin (oz\/ b — :1;2) Jo(zy)
+ [ de x (22 — 02~ 2 exp (—oz\/:zjz — bz) Jo(zy)
= (y? + a?)~'/2 cos (b\/m) . (6)

The result is

V2 om cos (\/ k% + sz_) cos (\/ k% + K2p+)
UV Jc,s = Oric,s + o— 278 —5 sin(ka) — (7)
8w h p- P+
with pz = \/(« F a)? + R%. The perturbation produces a superposition of two spherical
waves, one of which originates at the position (a,0,0), and the other at the mirror point
(—a,0,0).

The spin polarization is given by the terms linear in v of

Ph(va) :/ dkd2Ix qubklx s l‘ R) 50z 77ka& 5(1} R) (8)

occupled states s

where the sum extends over states with k2 4+ K? < kp?, with kg, the Fermi wave number.

k
Py(z,R) = 251 77 7i2 " dk/ d[& K / dysin(kx) sin(ka)

- cos (VK24 K?%p_ cos (Vk?+ K2
-eZBRCOS(@){ ( ! ) - ( p+)} + cc (9)
pP- P+
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Once more these integrals can be performed analytically. We obtain

v 2m
By 2259;53;?[]—— e e oy e (10)

where the two indices refer to the index of 2z and pg in integrals like

k /K2 — k2 VEk2+ K2
I, :/de/ " K K Jo(KR) Cos(kz_)cos( %), (11)
0 0

P+
With K = ¢gsin(6), k= gq cos(d), dkdK = qdqdf
k /2
I, = " dq ¢* M/ df sin(8) Jo(gRsin(8)) cos(qz— cos(h)). (12)
0 P+ 0
which becomes [5]
kr cos(q )
Iy = / dqq MSm(qp—)- (13)
0 P+pP-

The remaining integrals are elementary. The final result can be expressed with the RKKY-

function
k3 2m sin(x) —  cos(x)
R(l‘) = A3 ? 24 (14)
as
—+pe)?
}%/:AR(Qka_)4_}a2ka+)——(p £+) R(kr(p- =+ p1))- (15)

The first term is the usual RKKY polarization in infinite space. The second term corre-
sponds to a reflected wave originating from the mirror point (—a,0,0). The third term
compensates the first two terms at the boundary and is of the same order as the others
in the whole half space. See Figs. 1 and 2.

The RKKY polarization in thin wires has been discussed [6] with the method of
Feynman path integration, where, however, only direct and reflected waves appear.

The existence of a direct wave and of a reflected wave in Py (2, R) could be expected.
The fact is, however, that the magnetic polarizations belonging to the two waves are
equal at the surface. They do not compensate each other. Since the total polarization
at the surface, where the electron density vanishes, must be zero, a third term which
compensates the two previous terms becomes unavoidable. This third term extends over

the whole space with similar amplitudes as the other two terms.
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III. INTEGRATED POLARIZATION IN THE HALF-SPACE

The integrated polarization as a function of the position a of the source

Pla) = d&’r Py(x, R) (16)

half space

is an important quantity. The integral over the first two terms in Eq. (15) add up to the

integral over the first in infinite space

_ vkp2m

For the third term elliptic coordinates are adequate. The rotational ellipsoid with half

axes A and B
22 oyl
allows the parametrization
T = A cos(p) (19)
y = B sin() cos(s) (20)
z = B sin(p) sin(y). (21)

Here B = \VA? — a?, where the focal distance a is the position of the point field. The

excentricity ¢ = a/A is connected with the two radii by
p1=A+ex, p2 = A —ex. (22)

The Jacobian J of the transformation, dv dy dz = J da de dip becomes J = sin(yp) [A? —

a? cos?(p)]. Then J (p1 + p2)?/(p1p2) = (2A)? sin(p), so that

vkp 2m sin(2kpa)

0o /2 27
dA/d/d' DAV R(2kr A) = 9
|da [ e [T dw sin(e) (247 R(2keA) = 50 T (23)
Thus
~vkp 2m sin(2kpa)
S PG LN 24
Pl) == [ 2hra (24)
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With distance there is a oscillatory behaviour with decreasing amplitude. The overshoot-
ing or suppression of the polarization depends on how the RKKY oscillations fit into the
distance between the source and the surface. The average of the probability density of

the wave functions on the Fermi surface Sg is

1 27 b ) )
(I6rss(a.0)s, = 1= [ dg [0 sin(0)2 sin*(kea cos(0) (25)
sin(2kya)
- |- 2 2

Eq. (24) combined with Eq. (26) is a special case of a general theorem [7].

A integral over a gives the integrated polarization from a homogeneous field. Since

/oo sin(2kpa) _ T _ A (27)
0 kaa 4kF 8
with kp = 27 /Ap, the integrated Pauli susceptibility of a half space is reduced near the

surface as if a slab of width Ap/8 were missing.

IV. THE SLAB

For a slab or film of thickness L the boundary condition that the wave functions vanish

for x =0 and x = L is assumed. We thus use the complete set of wave functions

2 .
@n,K,S(l'v R) = \/; sin (?) GZK'R, n=1,2,.... (28)

The perturbed wave function becomes
V22ys 2m e
Xn,K,s(va) = ©n,K,s — (2 2L3/2 7L2 Z / dK [X//O dgp
sin(nwa/L) sin(n' ﬂ'a/L)
: sin
(nw/L)? 4+ K2 — (n'n/L)? — K"

(n'ma ) L)l Beose) | 6), (29)

The sum over n’ can be performed with the aid of Poisson’s formula [8] which yields

for D > 0:
1 cos(nC)  m L osin(D|C + 27n|)
202 T T; D? —n? 2 n:z_:oo D (30)
1 < cos(nC) w1 & —_D|C+2mn]
= ™, 1
ot P = QDH_Z_:OOG (31)

n=1
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We can again use Eq. (6) for the integration over K’. With the dimensionless quantities

Q=/n+ (KL/7)*,  pra= —\/R2 + (Jo £ a| + 200 (32)
the wave function Eq. (29) becomes

2 .
Xn,K,s(eT, R) = \/; gin (nzx) e2K~R

V2 2m nra\ o= [cos(Qpi-) cos(Qpi+)
V2 one Tl gin [ 22 = 7
+ 813/2 v h? Sm( L ) Z pr,— P+

(33)

[=—0

The polarization now reads

PrleR)= 3 [ e R) 5 X R) (34)

occupied states

Which are the occupied states? Let er be the energy of the highest occupied level.
It corresponds to a wave number kp through ep = h’k%/(2m). The a-component of the
wave vector is quantized as wn /L, while the y- and z-components are continuous. We call
nr the highest value of n for which occupied states exist. Both np and kp are determined
by the total electron density N. They must reproduce the number of electrons per unit

surface of the slab through

ﬂ B g:/dk%_(mm)z} 2rKdK i % 2 <ﬂ)2 (35)
2 a n=1 0 (27T)2 a 47T n=1 r
2 Lkp\® 1
T T 6
and fulfill the relation

ng counts the number of half waves within the thickness L of the slab. The Eqs. (36)
and (37) yield unambigously ng and kr. For ngp > 1 they lead to np ~ kpL/7 with
krp = (37°N)Y?, so that n} ~ (3/7)NL°. kp and the energy as functions of N are
different analytical expressions for each value of ng(N); numerically, however, the two

functions are remarkably smooth.



CBPF-NF-012/94 7

Now Eq. (34) becomes
T 2m ZE nra\ . NwT sl
e g () () S0 ha

where the indexes [, — or [, + refer to those of p.

1 (kpL/m)?—n?
]ld: = — dz =z Jo(
Pl +

R
Z; ) cos(VzZ+n?p 1) (39)

where z = KL /.
On the axis, R = 0, the integral Eq. (39) can be performed analytically, yielding
Ly =—— [fl (kF—LPli) —fi (npl,j:)] (40)
i =+
with fi(z) = cos(x) + xsin(x). The infinite sum in Eq. (38) converges quickly, because
for large [ the difference I; _ — I, 4 is proportional to 7>, Pj(x, R)2kp|x — a| is plotted in
Fig. 3.

V. INTEGRATED POLARIZATION IN THE SLAB

To calculate the integral of the polarization over the volume of the slab as a function

of a, it is convenient to write the polarization using Eq. (29) for the wave function.

sm( “) sin (”lga)
Pi(e.R) = — /d2[ K’ L
7(2. R) 2 K 15 7 (/L) (n? —n?) + K2 — K72
occupled states
!
- sin (%ﬂ) sin (n;x) K=KDR 4 ce, (41)

where the integration over K’ extends over the whole space. The integration over x leads

to

L 12
P(R):/O Pi(z, R) de = m’yh—? 3 /de sin2< )/d2[ e+ cc

occupied states

(42)

With ¢ = K — K’ Eq. (42) becomes
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v 2m &L, (mra)/ d*q . .R/ k% —(nm/L)? /27T 2
R =1 nre i d (43
P(R) L h? 2 sin L (27)? ¢ 0 0 (pqz — 4K? cos?(¢p) (43)

These integrals can be performed analytically. The integrals over ¢ and K were considered

by Kittel [9] in the evaluation of the spin susceptibility in two dimensions. The result is
a 2m o nwa d*q . R
P(R) = 1L E Zsm (—)/Weq Xo(gq,n), (44)
where
1
ol ) = = {O(ke, —q) + [1 = /1= e fa)?] Ol = 21 (45)

with kg, = \/k# — (n7/L)? and © the step function.

The Fourier transform in Eq (44) was performed by Béal-Monod [10]. The result is

P(R) = = QE—? Z_Fjl sin? (?) Co(Byn) (46)
Vo(Ron) = — ’;i o(ksn R) No(kem R) — Jy(kp B) Ny (ki R)] (47)

The spacial integration over R is immediate from Eq. (44)

2m 2 & nwa
= [ @PRPR)= - np—3 2(—) 1
/ RP(R) 5 72 F Tnp 2= sin” | — (48)

A further integration over a

L 2 krl 2m
v 2m ~vkg
d = " — 49
/0 apla) st T Tsrr B2 (49)

reproduces the Pauli susceptibility in the limit of kpL /7 > 1.

VI. SUSCEPTIBILITY IN RECIPROCAL SPACE
Eq. (41) may be written in terms of a generalized susceptibility y(¢,n,n’) as

Pz, R) = 2L2 7i2 Z Z sin (—a) sin (%a) sin (%x) sin (nlj—ﬂx)

n=1n'=1
d*q iq-
'/(QF)QeqRX(qvnvn/)v (50)
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where
(g, n,n') = —7% {02 —1) + (1 - VI-W2) e - W)} (51)

with W = 2¢kp/D, D = (x/L)*(n? —n'?) — ¢*. Note that when Eq. (50) is integrated

over & in the interval {0, L} it coincides with Eq. (44).

VII. THE HALF-LINE

The program of finding the spin polarisation due to a point field in limited spaces,
which was carried out in the preceding sections, can be performed analytically to the end
in the one dimensional case. This may apply to mesoscopic wires which are sufficiently
thin so that the side motion is frozen out by the quantum size effect.

Set of wave functions for the half-line:
brs(x) = \/§sin(k:1;)|5>. (52)
Perturbing Hamiltonian:

H = —~y6(x —a)io,. (53)

2

As pointed out in section 2, Yosida [2] has shown that the correct polarization can be
obtained from the first order perturbation of the wave function alone, if the sums over
continuous states include the diagonal term. We shall again follow this prescription in

the treatment of the half-line. Matrix element:
(Opr s |H'|Qps) = —27s sin(ka) sin(k'a) §s . (54)

Perturbed wave function:

(K'(x —a)) — cos (K'(x 4+ a)) 5)
|

m [ dk' cos
Pra(2) = dps(2) — V27 sin(ka) 273_2/0 x

V2vys 2m . .
ST sin(ka) [sin (k|x — a]) — sin (k(z + a))] |s). (55)

= frsl(x) —
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Polarization:

Pu(r) = > [ R o (o) (50

= — %71—? OkF%[cos(Mx—aD—cos (k(z +a))]
- [sin (k|lx — a]) — sin (k(x + a))] (57)

= - ﬁ%‘ [Si (2kr|z — al) + Si (2kr(z + @) = 2Si (ke (Je — a| + 2 +a))]. (58)

In the unlimited one dimensional space the spin polarization is [11]:

2m 7w .
Falle —al) = L 23 [5—81(2kp|:1;—a|)]. (59)
Thus
Punl) = Ra(lz —al) + By(e + a) — 2R, ('“’ - “'; s “) . (60)

The last term compensates the first two for # = 0. The structure of the formula for Py, ()
is analogous to the 3 dimensional case. Py, (x) is plotted in Fig. 4.

The question of the order of the integrations and the contribution of the singularity
at & = k' = 0 has been a dominant theme in the treatment of the spin susceptibility in
unlimited, homogeneous media [2] [11]. The constant term 7/2 in Eq. (59) arises from
this singularity [11]. However, in Eq. (60) this term cancels out. In the one dimensional

half-space these questions are not relevant; the wave function Eq. (52) does not even exist

for £ = 0.

VIII. INTEGRATED POLARIZATION OF HALF-LINE

It is interesting to evaluate the integrated polarization produced by the point interac-
tion, Eq. (53). In unlimited space it is

o0 v 2m
/OoRl(|:1;—a|)d:1;: e (61)

In the one-dimensional half-space the integration becomes
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o 2m
/0 d Pyy(z) = ﬁ 7 {1 = cos(2kra)}. (62)

The result oscillates with the position @ of the point field. Eq. (62) also follows from a
general theorem [7]. An integration of Eq. (62) over the position a gives the total spin
produced by a homogeneous field of strength ~. This integral is not properly defined;
as a function of the limit of integration it oscillates indefinitely around the mean value

v - (2m/h*)/(47kF)-Volume, which corresponds to the Pauli susceptibility.

IX. THE FINITE LINE

The wave functions vanish at the limits of the interval 0 < z < L. A normalized set

of functions are

Ons() = @sin (FLE) |5), n=1,2,.... (63)

Now the wave numbers are discreet. In this case the prescription of Yosida [2] does not
apply; the normal rules of perturbation theory must be followed. First the perturbation,
Eq. (53), must be diagonalized within the degenerate spin states. The resulting energies

are

hin? 2
LI —75 sin? (@) ) (64)

Between the levels n,s and n + 1,s there is a gap Ae, . = (2n + 1)h*7?/(2mL?). While
A€n, s > |y|/L and kT < A€, s, where T' is the temperature, there is no change of
occupation. Here ny is the highest occupied number n. Multiplying the first inequality
by np, the left side becomes larger than twice the Fermi energy, while the right side is
|7 times the density of electrons of one spin. In three dimensions this is typically of the
order of 0.3 eV, while 2¢,, , is of the order 10 eV. We shall assume that L is sufficiently
small, so that there is no change of occupation. In the denominators of the second order
perturbation theory the spin dependent parts of the energy cancel out.

With Eq. (53) the perturbed wave function becomes
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/2 2m . nwa
Xn,s(l') = S«Qn,s(l') L3 h2 Sin (T)

| 00 /Cos((mF/L)|:1: —al) = cos((mr/L)(x + a)) .
mZ=:1 (72/L?) (n? — m?) |5), (65)

where the sum excludes the term m = n. For non integer n the sum over all integers m

is known [12]. The restricted sum for integer n can be obtained as a limiting value

s /COS mC) o s cos(m() cos(nC')
S R - (S G ) )

n —m 5—0

m=1
_ B 2 4 cos(nC) N sin(nC') (7‘(’—0)‘ (67)
4n? 2n
With
A= (/D) —al.  B=(s/L)(r +a) (65)
Eq. (65) becomes
B 2 ysl? 2m . /nwa\ [cos(nA) sin(nA)
Xns = Pns + 13 4r2 ?SIH<L)[ n2 —2(r = 4) n
cos(nB) sin(nB)
R +2(r — B) " |s). (69)

Let np denominate the highest doubly occupied level, so that np = Int(N/2) with NV

the number of electrons. Then these doubly occupied levels give a spin polarization

Plf ZZan Uz an( ) (70)

n=1 s

It can be written conveniently in terms of the function

2m & 1
n2

Qy) =757 Z cos(ny) + n(2r —y) sin(ny)) (71)

Pisle) = <5 {2Q(A+ B)+ QA — B) + QUB — 4) — Q(24) ~ Q(2B) —2Q(0)}. (12)

which is plotted in Fig. 4.
In a one dimensional system nyr need not be a large number, and the question arises,

whether the number of electrons is even or odd. Between the unperturbed levels n and
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n+ 1 there is an energy gap of value (h*/2m)(x/L)*(2n +1). The above results Eqs. (71)
and (72) give the full polarization when each level is doubly occupied. If a further level

n = np + 1 is singly occupied, the lower Zeeman split level gives a contribution to Eq.

(72) as

Or s 30= P + 205 50 (Xiis — Pinvs)- (73)

The first term gives the first order contribution of the unpaired spin. The second term of
(73) adds to Q(y) half a term with n = n.

For finite L the integral over the polarization fOL dx Pys(x) vanishes. This can be seen
by an actual integration, which is elementary, but involves detailed considerations of the
ranges of integration for the various terms due to the presence of absolute value func-
tions. The result is expected, since Py describes the polarization from doubly occupied
levels separated by energy gaps. An additional electron in a singly occupied level has a
polarization of which the first term of Eq. (73) integrates to one spin.

For a comparison with the results from the half-line, Eqs. (59) and (60), we let L go

to infinity so that kr = #N/(2L) remains constant. Then

L sin(naw /L) /kFl’ sin(y) )
e dy = Si(k 74
HZ::I - = | , W i(kpz) (74)
and
kFL/ o] 2
COS(TLJ}TF/L 1 7

In this limit Eq. (72) coincides with Eq. (60).  Obviously, the two quantities
limy,_ fOL de Pis(x) and [5° dx limp_. Pis(x) are not equal, since the first vanishes,
while the second is given by Eq. (62). The fact that limp_. Pif(x) = Pip(x), which
contains the Pauli susceptibility, is the essence of Yosida’s [2] remark, that the principle

value integral of the energy denominators yields the “¢ = 0”7 term.
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FIGURES
FIG. 1. Polarization Pp(z, R)p_ due to a point field at @ = 4. The factor p_, which is the

distance to the point source, suppresses the divergence of Pj, at the source and emphasizes the
oscillations. The polarization vanishes at the surface = 0. Distances are in units of 1/(2kr)

and Py is in units of vk} 2m/ (473 h?).

FIG. 2. Py(z, R) p_ is plotted along the z-axis and, for increasing R, in a direction perpen-
dicular to the z-axis. Full line: Pj,(z,0)p_ versus x; dashed line: Py(a, R) p_ versus R+ a. The
dotted line shows the RKKY function R(|z — a|) |z — a| for comparison. @ = 4, units as in Fig.

1.

FIG. 3. Ps(z, R) p_ is plotted along the z-axis and, for increasing R, in a direction perpen-
dicular to the z-axis. Full line: P¢(z,0)p_ versus z; dashed line: Py(a,R)p_ versus R + a.
Dotted line: the RKKY function R(|z — a|) |z — a| is shown for comparison. a« = 4, L = 32,

units as in Fig. 1.

FIG. 4. Polarizations in one dimension. Dashed line: Pyp(z); full line: P;¢(z); dotted line:

the RKKY function R1(|z—a|). a =4, L =32, ng = 5. Distances are in units of 1/(2kr) and

o 2m

polarizations in units of 7- =
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